Abstract In the present paper, we study semi-slant submanifolds of a locally conformal Kähler manifold. We give conditions for integrability of holomorphic and slant distributions which are involved in the definition of semi-slant submanifolds. We also get necessary and sufficient conditions for these distributions to define totally geodesic foliations. The paper ends with some results for semi-slant submanifolds with parallel canonical structures.
Introduction
Study of slant submanifolds was initiated by Chen [4] , as a generalization of both holomorphic and totally real submanifolds of a Kähler manifold. Slant submanifolds have been studied in different kind of structures of both almost Hermitian and almost contact manifolds by several geometers. In [7] , Papaghiuc introduced semi-slant submanifolds of a Kähler manifold. A semi-slant submanifold is a natural generalization of slant submanifold and a special case of generic submanifold which was introduced by Ronsse [8] . Since then many geometers have studied semi-slant submanifolds of manifolds equipped with different kind of structures (for example, see [2] and [6] ).
The paper is organized as follows. Section 2 is devoted to preliminaries. In subsection 2.1 we present the basic background needed for a locally conformal Kähler manifold. Theory of submanifolds and distributions needed for the study are placed in subsection 2.2. In subsection 2.3, we define semi-slant submanifolds and we discuss the tangent bundle of the submanifold and canonical projection operators. We start to study semislant submanifolds of a locally conformal Kähler manifold in section 3. Integrability of holomorphic and slant distributions of the semi-slant submanifold are studied in this section. We also give necessary and sufficient conditions for these distributions to define totally geodesic foliations in section 3. The last section deals with parallelism of canonical projection structures on the tangent bundle of the semi-slant submanifold.
Preliminaries

Locally conformal Kähler manifolds
LetM be an almost Hermitian manifold with metric g and almost complex structure J. The manifold (M , g, J) is called a locally conformal Kähler manifold (briefly l.c.K. manifold ), if every point ofM has a neighborhood U such that the restriction g| U of g to U is conformal to a Kähler metric g U of U :
) is a globally conformal Kähler manifold (briefly g.c.K. manifold ) if one can choose U =M ; then g is a Kähler metric onM , and hence (M , g ) is a Kähler manifold.
Let Ω be 2-form onM . ThenM is a l.c.K. manifold if and only if there is a global 1-form ω onM (the Lee form ofM ) such that dΩ = ω ∧ Ω, dω = 0 (see [13] ) andM is a g.c.K. manifold if ω is also exact. For a l.c.K. manifold the Lee vector field B is given by g(B, U ) = ω(U ), (2.1)
for any vector field U onM . We denote by∇ (resp. ∇) is the Riemannian connection of e −σ g| U (resp. g). Then, we have [13] 
for any vector fields U, V onM . The connection∇ is a torsionless linear connection on M which is called the Weyl connection of g. It is easy to see that the Weyl connectioñ ∇ satisfies the condition∇ J = 0. (2.3) For more details on l.c.K. manifolds we refer to [5] .
Submanifolds
Let M be a submanifold of a Riemannian manifoldM with a Riemannian metric g. Then Gauss and Weingarten formulas with respect to ∇ are given respectively by
and
for all U, V ∈ T M and ξ ∈ T ⊥ M , where and ∇ and ∇ ⊥ are respectively the induced Riemannian, and induced normal connection with respect to ∇ in M and the normal bundle T ⊥ M of M and h is the second fundamental form related to shape operator A corresponding to the normal vector field ξ by
A submanifold M is said to be totally geodesic if its second fundamental form vanishes identically, that is, h = 0, or equivalently A ξ = 0. We say that M is totally umbilical submanifold inM if for all U, V ∈ T M we have
where H is the mean curvature vector field of M inM . Let M be a submanifold of an almost Hermitian manifold (M , g, J). For any U ∈ T M we write 8) where P U is the tangential part of JU, and F U is the normal part of JU. Similarly, for any ξ ∈ T ⊥ M , we put
where tξ is the tangential part of Jξ, and f ξ is the normal part of Jξ. [12, 14] ).
Semi-slant submanifolds of an almost Hermitian manifold
LetM be an almost Hermitian manifold with metric g and almost complex structure J and let M be a submanifold ofM . A distribution D on M is said to be a slant distribution if for X ∈ D p , the angle θ between JX and D p is constant, i.e., independent of p ∈ M and X ∈ D p . The constant angle θ is called the slant angle of the slant distribution D. It is well-known that holomorphic and totally real distributions on M are slant distributions with θ = 0 and θ = π 2 , respectively. A submanifold M ofM is said to be a slant submanifold if the tangent bundle T M of M is slant (see [4] ).
It is easy to see that a submanifold M of a Kähler manifold is slant submanifold (see [4] ) if and only if We say that a semi-slant submanifold is proper if pq = 0 and θ = π 2 (see [7] ). Now, let M be a semi-slant submanifold ofM . Then the tangent bundle T M and the normal bundle T ⊥ M of M are decomposed as
where µ is the orthogonal complementary distribution of F D θ in T ⊥ M and µ is invariant subbundle of T ⊥ M with respect to J. Following well-known facts will be used later.
For the proofs of (2.13) and (2.14) (see [8] and [10] ).
3 Semi-slant submanifolds of a locally conformal Kähler manifold
Throughout the paper, we assume that M is a semi-slant submanifold of a l.c.K. manifoldM with holomorphic distribution D and slant distribution D θ . For the Lee vector field B ofM , we put
where B T and B N are respectively tangential and normal part of B. Now, we study the integrability of holomorphic distribution D and slant distribution D θ . We need the following lemma.
Lemma 3.1 Let M be a submanifold of a l.c.K. manifoldM . Then we have
Proof. Substituting V by JV in (2.2) and using (2.8) and the fact that ∇J = 0, we obtain
Thus, (3.2) and (3.3) follow from (2.2) by using (2.8), (2.9) and identifying the components from T M and T ⊥ M. Proof. Using (2.8), (2.13)-(b) and (3.3), we have Proof. It follows immediately from (7) and (3.5).
Proposition 3.5 Let M be a semi-slant submanifold of a l.c.K. manifoldM . Then the slant distribution D θ is integrable if and only if 
from (3.2). Since h and g are symmetric (0,2) tensor fields, it follows from (3.8) that
From (3.9) using (2.13)-(c), we find P [Z, W ] ∈ D θ if and only if (3.7) holds.
Let M be a semi-slant submanifold of a l.c.K. manifoldM . Then Gauss and Weingarten formulas with respect to∇ are given respectively bỹ
for all U, V ∈ T M and ξ ∈ T ⊥ M , where∇ and∇ ⊥ are respectively the induced Riemannian and induced normal connection with respect to∇ in M and the normal bundle T ⊥ M of M , andh is the second fundamental form of M with respect to∇. Moreover, the second fundamental formh is related to the shape operatorÃ by
Using (2.4), (2.5), (3.10) and (3.11), from (2.2) we have the following lemma.
Lemma 3.6 Let M be a semi-slant submanifold of a l.c.K. manifoldM . Then we have∇
14)
16)
for any U, V ∈ T M and ξ ∈ T ⊥ M .
We remark that Lemma 2.6 was also given as Lemma 2.1 (see [9] ) for generic submanifolds (in the sense of Chen [3] ) of a l.c.K. manifold.
From (2.3) and (3.10), we have immediately the following lemma.
Lemma 3.7 Let M be a semi-slant submanifold of a l.c.K. manifoldM . Then g(h(JX, U ), ξ) = g(Jh(X, U ), ξ), for all X ∈ D, U ∈ T M and ξ ∈ µ. Now, we give an equivalent proposition to Proposition 3.2. Proof. The proof is very similar to the proof of Proposition 3.2 (see [3] ). Proof. Putting U = Y in Lemma 3.7, we obtain g(h(X, JY ), ξ) = g(h(JX, Y ), ξ) for X, Y ∈ D and ξ ∈ µ. Thus, our assertion follows from (2.12) and (3.17).
Now, we are going to study the problem when a semi-slant submanifold of a l.c.K. manifold is a Riemannian product of a holomorphic and a slant submanifold. Proof. For X, Y ∈ D and Z ∈ D θ , from (2.3) and (3.10), we have
Here, using (2.10), (2.11), (2.13)-(c), (2.14)-(c), we obtain
The above relation implies that
Using (3.12), we get sin
Here, if we use (2.4), (3.13) and (3.15), we find sin
. Thus our assertion comes from the above equation and (2.11).
From Corollary 3.3 and Theorem 3.10 with the help of (2.1) and (2.6), we have that:
Corollary 3.11 Let M be a semi-slant submanifold of a l.c.K. manifoldM . If the holomorphic distribution D is integrable and its leaves are totally geodesic in M , then 
Proof. For Z, W ∈ D θ and X ∈ D, from (2.3), (2.8) and (3.10), we have g(
It follows that sin
Here, if we use (2.4), (3.13) and (3.15), we get sin
The assertion comes from above equation and (2.11).
By Theorem 3.10 and Theorem 3.12 we have the following result. 4 Semi-slant submanifolds with parallel canonical structures Let M be a submanifold of a l.c.K. manifoldM with holomorphic distribution D and slant distribution D θ . For the endomorphism P : T M → T M we put (∇ U P )V = ∇ U P V − P∇ U V , for any U, V ∈ T M . We say that P is parallel if∇ U P = 0 for any U ∈ T M. From (2.3), (3.10) and (3.11), we havê
From (4.1), we obtain (∇ U P )V = th(U, V ) +Ã F V U. Thus, for any U, V, W ∈ T M , we get
Proposition 4.1 Let M be a submanifold of a l.c.K. manifoldM . Then P is parallel if and only if
Proof. It follows immediately from (3.15) and (4.2). 
Consequently, our assertion follows from (2.12).
We remark that Theorem 4.4 is an analogue of Proposition 7.1 (see [11] ) concerning generic submanifolds (in the sense of Ronsse [8] ).
For the normal-bundle 1-form F , we put
for any U, V ∈ T M . We say that F is parallel if∇ U F = 0 for any U ∈ T M. By using (3.10) and (3.11), for any U, V ∈ T M , we have
from (4.3). Thus, for any U, V ∈ T M and ξ ∈ T ⊥ M , we obtain
from (4.4). for any U ∈ T M and ξ ∈ T ⊥ M .
Proof. Let F be parallel, then it follows from Theorem 4.6 that the holomorphic distribution D of M is integrable and its leaves are totally geodesic in M . Thus, with the help of (2.1), from Corollary 3.3, we see that ω(ξ) = ω(f ξ) = 0, (4.8)
for any U ∈ T M and ξ ∈ T ⊥ M . So, Proposition 4.5 gives the result as desired. Proof. Let F be parallel. Then, from (4.4), we have fh(U, V ) =h(U, P V ), (4.9) for any U, V ∈ T M . In particular, if we put U = X ∈ D and V = Z ∈ D θ in (4.9), with the help of (2.10), we obtain f 2h (X, Z) = fh(X, P Z) =h(X, P 2 Z) = − cos 2 θh(X, Z). Since θ = 0, for any X ∈ D and Z ∈ D θ , we conclude that h(X, Z) = 0 (4.12) from (4.10) and (4.11). Thus, our assertion easily comes from (3.14) and (4.12).
We remark that Theorem 4.8 is an analogue of Proposition 5.3, [6] concerning semislant submanifolds of a locally product manifold. We also notice that the results in this paper based on the formulas (3.10) and (3.11), except for Propositions 4.1 and 4.5, do not follow immediately from similar results known in the Kählerian case.
